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Abstract

Direct numerical simulation (DNS) data of two types of turbulent natural convection in horizontal ¯uid layers are used to com-

pute turbulent di�usive transport terms for turbulence kinetic energy and vertical turbulent heat ¯ux. For both quantities turbulent

di�usive transport is represented by a pressure correlation and a triple correlation. While for Rayleigh±B�enard convection in air the

pressure correlation dominates the triple correlation, for the convection in an internally heated layer the opposite behaviour is ob-

served. The dominance of pressure transport in the Rayleigh±B�enard convection and its minor importance in the internally heated

layer is explained by the coherent structures and dynamics of the respective ¯ow. The coherent structures are intermittent; they exist

only for limited time intervals. Thus, conventional closure relations for turbulent di�usive transport, which are used in statistical

turbulence models basing on long-time averaged quantities, may not be appropriate for the ¯ows under consideration. Ó 1998

Elsevier Science Inc. All rights reserved.
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1. Introduction

To calculate turbulent ¯ow and heat transfer by means of
second-order statistical turbulence models, balance equations
are solved for characteristic turbulent quantities such as the
turbulence kinetic energy, its dissipation rate, the Reynolds
stresses, the turbulent heat ¯uxes, and temperature variance.
The balance equations actually solved are derived from analyt-
ical equations by introducing simpli®cations and model

International Journal of Heat and Fluid Flow 19 (1998) 150±158

Notation

Bo Boussinesq number, Pr2 Gr
D channel height
Dk;turb turbulent di�usion in k-equation
Dqi ;turb turbulent di�usion in qi-equation
Da Damk�ohler number, qvD2=�k DTmax�
g gravitational acceleration
Gr Grashof number, RaE/Pr
k turbulence kinetic energy, u0iu0i=2
Nu Nusselt number
p pressure
qi turbulent heat ¯ux in xi-direction, u0iT 0
qv volumetric heat source
Pr Prandtl number, m=j
RaE external Rayleigh number, gb DTD3=�mj�
RaI internal Rayleigh number, gbqvD5=�mjk�
t time
T temperature
DT temperature di�erence
ui velocity component in xi-direction
u0 velocity scale, �gb DT0D�1=2

xi coordinates in horizontal �i � 1; 2� and vertical
�i � 3� direction

Xi periodicity length in xi-direction �i � 1; 2�
Greek
b coe�cient of thermal expansion

dij Kronecker delta
j thermal di�usivity
k thermal conductivity
m kinematic viscosity
q density

Subscripts
bottom lower wall
max maximum
ref reference value
rms root-mean-square value
top upper wall
W wall
0 initial value

Superscripts
� � time average
� �0 ¯uctuating component with respect to � �
h i ensemble average over x1 ÿ x2 plane and time
� �00 ¯uctuating component with respect to h i
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assumptions. In each analytical balance equation, terms can be
classi®ed in the categories: (1) rate of change, (2) convective
transport, (3) production P , (4) sink S, and (5) di�usive trans-
port D.

In fully developed natural convection where no mean ¯ow
through the channel is present, e.g. in the classical Rayleigh±
B�enard convection in the fully turbulent regime, terms (1)
and (2) drop out when averages are taken over long times.
The balance equation for a general turbulent quantity / then
simpli®es to

P/ � S/ � D/ � 0: �1�
In a state of local equilibrium, the local production and sink of
a quantity / are in balance, thus P/ � ÿS/ and D/ � 0. How-
ever, in many situations / is mainly produced away from
walls, while the sink term is largest near walls. Thus, there is
no local equilibrium and the di�usive transport is important,
as it redistributes / across the ¯ow domain. In such situations,
accurate modelling of the turbulent part of di�usive transport
D/;turb is of special signi®cance.

In this paper, we focus our attention on the balance equa-
tions for turbulence kinetic energy k � 1

2
u0iu0i and turbulent heat

¯uxes qi � u0iT 0: Using the normalisation introduced below, the
turbulent di�usive transport is represented in non-dimensional
variables by the correlations

Dk;turb � ÿ @

@xj

1

2
u0ju0iu0i � u0jp0

� �
�2�

and

Dqi ;turb � ÿ @

@xj
u0iu0jT 0 � dijT 0p0
� �

: �3�
Thus, velocity and pressure ¯uctuations contribute to Dk;turb;
and velocity, pressure and temperature ¯uctuations to Dqi ;turb:

Modelling the pressure transport is particularly di�cult, be-
cause pressure ¯uctuations within a turbulent ¯ow are one of
the ``Great Unmeasurables'' (Bradshaw, 1994). Based on theo-
retical considerations, Lumley (1978) suggests to account for
the pressure transport of k by

u0jp0 �
1

5
u0ju0iu0i: �4�

Mansour et al. (1988) use direct numerical simulation (DNS)
data of forced turbulent channel ¯ow to compute budgets
for Reynolds stresses u0iu

0
j: Besides the region very close to

the wall, they ®nd the di�usive transport due to pressure±ve-
locity correlations indeed being smaller than that due to triple
velocity correlations. WoÈrner and GroÈtzbach (1993a, b) per-
formed a series of direct numerical simulations of Rayleigh±
B�enard convection in various ¯uids. From their results it ap-
pears that in this special type of convection not the triple cor-
relation but the pressure correlation is the dominant term,
both in Eqs. (2) and (3). However, no physical explanation
for this surprising result is given by the authors.

The objective of the present paper is twofold. First, we in-
vestigate whether the special relevance of di�usive transport by
pressure ¯uctuations is a general feature of natural convection
in horizontal ¯uid layers or not. Besides the Rayleigh±B�enard
convection, we therefore analyse direct numerical simulations
of another type of pure natural convection, this is the convec-
tion in a horizontal ¯uid layer which is internally heated by a
volumetric heat source. As will be shown, the relative impor-
tance of pressure di�usion as compared to the triple correla-
tion in this type of convection is much smaller than in the
Rayleigh±B�enard case. The second objective is therefore to
give a physical interpretation for the dominance of pressure
correlations in turbulent di�usive transport in Rayleigh±
B�enard convection.

2. DNS of internally heated convection

The natural convection in a horizontal ¯uid layer of height
D which is internally heated by a homogeneously distributed
volumetric heat source qv is of interest in several geophysical
and technical systems. An example is reactor safety analysis
in case of a hypothetical core melt down. A literature survey
on investigations of internally heated convection is given by
Kulacki and Richards (1985) and Nourgaliev et al. (1997).

The important dimensionless groups which characterise the
physical problem are the internal Rayleigh number
RaI � gbqvD5=�mjk� and the Prandtl number Pr � m=j; where
g � gravity, b � thermal expansion coe�cient, m � kinematic
viscosity, j � thermal di�usivity, and k � thermal conductivi-
ty. In the present study, the ¯uid Prandtl number is Pr � 7 and
the internal Rayleigh number ranges between 1056RaI6 109:

Another important dimensionless number is the Damk�ohler
number Da � qvD2=�kDTmax�, where DTmax is the maximum
temperature di�erence across the channel. As DTmax is not
known a priori for a given qv, the same holds for Da. For fully
developed convection, where qv is completely removed across
top and bottom wall, it follows by an energy balance that
Da equals the sum of the Nusselt numbers, i.e.
Da � Nutop �Nubottom: Other dependent dimensionless num-
bers are the Grashof number Gr � RaI=�Pr�Da� and the ex-
ternal Rayleigh number RaE� RaI=Da:

Numerical Model: The direct numerical simulations are per-
formed with the TURBIT code (GroÈtzbach, 1987). It is based
on a ®nite volume method and solves the complete time-depen-
dent three-dimensional conservation equations of mass, mo-
mentum, and energy. The Boussinesq approximation is
employed, and the equations are solved in dimensionless form.
For normalisation the channel height D, the velocity
u0 � �gb DT0D�1=2

; the pressure qu2
0; and temperature di�erence

DT0 are used. The latter is related to a guess for the Damk�ohler
number Da0 � qvD2=�k DT0�, which needs to be speci®ed at the
start of a simulation. Using the summation convention, the
governing equations are given for a Cartesian coordinate sys-
tem by:

@uj

@xj
� 0; �5�

@ui

@t
� @�uiuj�

@xj
� ÿ @p

@xi
� 1��������

Gr0

p @2ui

@xj@xj
ÿ di3�Tref ÿ T �

�i � 1; 2; 3�; �6�
@T
@t
� @�Tuj�

@xj
� 1

Pr
��������
Gr0

p @2T
@xj@xj

�Da0

� �
: �7�

The ¯ow geometry and coordinate system of the horizontal
channel are shown in Fig. 1. The boundary conditions used are
rigid upper and lower horizontal walls at x3 � 0 and x3 � 1,
respectively. For the simulations of the internally heated layer,
both walls are isothermal and have equal temperature. In the
horizontal directions x1;2 periodic boundary conditions with
periodicity lengths X1;2 are applied. From an experimental
point of view, this corresponds to the convection occuring in
a container with large aspect-ratio.

Eqs. (5)±(7) are also valid for the Rayleigh±B�enard convec-
tion. Since in this case there is no heat generation in the ¯uid,
qv and Da0 are zero. The temperature di�erence DT0 is that one
between heated lower and cooled upper isothermal wall:
DT0 � DTmax � TWall;bottom ÿ TWall;top:

In Table 1 we give the parameters and grid data of the sim-
ulations for the internally heated convection and for a recently
re®ned simulation of Rayleigh±B�enard convection in air
(Pr � 0:71; RaE � 630; 000) (WoÈrner and GroÈtzbach, 1997).
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We carefully ensured that the grids resolve the largest scales of
convection and the smallest scales of turbulence and thus meet
these indispensible requirements of the DNS method.

Veri®cation: To verify the numerical results for the internal-
ly heated convection, the computed Nusselt numbers at top
and bottom wall are compared with the experimental correla-
tions of Jahn (1975) and Kulacki and Goldstein (1972), see

Fig. 2. Besides the simulation with RaI � 109, where the Nu-
sselt number at the lower wall in the computation is little
too high as compared to the correlation of Jahn (1975), a very
good agreement is achieved for the total heat transfer. For a
more detailed veri®cation of the simulations with RaI � 106

and RaI � 107 we refer to WoÈrner et al. (1997). There, we also
discuss the patterns and dynamics of the convection, whereas

Fig. 2. Comparison of computed Nusselt numbers at top and bottom wall with experimental correlations for internally heated convection.

Fig. 1. Computational domain and coordinate system.

Table 1

Parameter and grid data of the simulations

Pr RaI X1;2 Dx1;2 Dx3W;bottom Dx3;max Dx3W;top N1 N2 N3

105 6 0.1000 0.0370 0.069 0.0320 60 60 21

5� 105 6 0.0750 0.0250 0.064 0.0190 80 80 27

106 5 0.0625 0.0231 0.054 0.0161 80 80 31

7 5� 106 5 0.0500 0.0228 0.049 0.0115 100 100 35

107 5 0.0417 0.0180 0.036 0.0092 128 128 39

108 4 0.0250 0.0120 0.026 0.0057 160 160 55

109 3 0.0150 0.0061 0.019 0.0024 200 200 80

RaE

0.71 630,000 7.92 0.0396 0.0050 0.037 0.0050 200 200 49

Dx1;2 � horizontal mesh widths (equidistant spacing), Dx3 � vertical mesh widths (non-equidistant spacing, W�wall), N1;2;3 � number of mesh cells.
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the present paper is limited to the analysis of turbulent di�us-
ive transport of k and u03T 0:

3. Results for Dk;turb and Dq3;turb

Case selection: For analysis of turbulent di�usive transport
of k and u03T 0 we focus for the internally heated layer on the
simulation with RaI � 108: The Grashof number is about
407,000 and thus is comparable to the Rayleigh±B�enard case,
where Gr � 887; 000: The Grashof number is the relevant di-
mensionless number in the momentum Eq. (6). As Gr is of
similar magnitude in both simulations, the turbulence intensity

and thus velocity and pressure ®elds should be comparable,
too. In the dimensionless energy Eq. (7), the relevant parame-
ter is the Boussinesq number Bo � Pr2Gr: In the simulation
with RaI � 108 the value is Bo � 2� 107. This is about 50
times higher than in the Rayleigh±B�enard case, where Bo �
447,000. Thus, for the statistics of the temperature ®elds in
both simulations we can not expect similarity.

Evaluation of statistical data: Statistical quantities are eval-
uated from the DNS data by ensemble averaging over horizon-
tal planes and additional time averaging. This procedure
results in vertical pro®les of averaged quantities and is indicat-
ed by angled brackets, whereas the overbar denotes the con-
ventional time averaging. Fluctuations with respect to hUi

Fig. 4. Internally heated convection (RaI � 108). �: hu003u00i u00i i=2; �: hu003p00i.

Fig. 3. Vertical pro®le of mean temperature hT i: �: Internally heated convection (RaI � 108), �: Rayleigh±B�enard convection (RaE� 630,000).

M. W�orner, G. Gr�otzbach / Int. J. Heat and Fluid Flow 19 (1998) 150±158 153



are denoted by U00, and ¯uctuations with respect to U by U0.
For the geometries and boundary conditions used in the pres-
ent DNS, statistical data are homogeneous with respect to the
horizontal directions. Therefore, for fully developed turbulent
¯ow both types of averages should be equivalent.

In Fig. 3 we show evaluated pro®les of mean temperature
hT i. The core region is almost isothermal, both, for the inter-
nally heated convection and for the Rayleigh±B�enard convec-
tion. In the Rayleigh±B�enard convection, both boundary
layers near top and bottom wall are strati®ed thermally unsta-
ble. For the internally heated layer, there is a thin thermally
unstable strati®ed boundary layer near the top wall and a
thicker stably strati®ed one near the bottom wall.

Internally heated ¯uid layer: In Fig. 4 we show vertical pro-
®les of the correlations hu003u00i u00i i=2 and hu003p00i, which cause ac-
cording to Eq. (2) di�usive transport of k in vertical direction.
With exception of the regions near bottom and top wall, the
absolute value of the triple correlation of velocity ¯uctuations
exceeds that of the pressure correlation. The same holds for the
absolute values of the vertical gradient of both correlations.

Fig. 5 gives pro®les of correlations hT 00p00i and hu003u003T 00i,
which contribute to turbulent di�usive transport of vertical
turbulent heat ¯ux. In natural convection, ¯uctuations of tem-
perature and vertical velocity are closely related, since the ®rst
ones induce buoyancy forces which drive the vertical motion.
Thus, one should expect that the pro®les of triple correlation
and pressure correlation, respectively, in Figs. 4 and 5 are sim-
ilar. While this is partly true from a qualitative point of view,
substantial di�erences are identi®ed, too. Fig. 5 shows that in
the centre of the layer hT 00p00i is almost zero, whereas the triple
correlation obeys an almost constant spatial gradient. Thus, in
the centre of the layer di�usive transport of u03T 0 is only due to
the triple correlation. At the edges of the thermal boundary
layers hT 00p00i shows peaks. Especially the one close to the upper
wall is very sharp, indicating considerable pressure transport.

A comparison of the correlations given in Figs. 4 and 5 for
RaI � 108 with those obtained for RaI � 109, not shown here,
reveals no major in¯uence of the increase of the internal Ray-
leigh number. In accordance with the thinner boundary layers,
for RaI � 109 only a sharpening and shift of the peaks in the
pro®le of hT 00p00i towards the walls is observed.

Rayleigh±B�enard convection in air: As discussed in Sec-
tion 1, from results of DNS of Rayleigh±B�enard convection
in air and sodium at di�erent Rayleigh numbers it is found that
the pressure correlation represents the dominant turbulent
transport term (WoÈrner and GroÈtzbach, 1993a, b). See e.g.
Fig. 6, where pro®les of hu003u00i u00i i=2 and hu003p00i are given for
Rayleigh±B�enard convection in air. Furthermore, a remark-
able similarity between both pressure correlations and both tri-
ple correlations in Eqs. (2) and (3) is found. Compare hu003p00i in
Fig. 6 with hT 00p00i in Fig. 7, and hu003u00i u00i i=2 in Fig. 6 with
hu003u003T 00i in Fig. 7, respectively. For the triple correlations
the similarity is striking, while the peaks in the pro®le of
hT 00p00i are more pronounced than in the pro®le of hu003p00i.

Thus, we ®nd that in the Rayleigh±B�enard convection the
turbulent di�usive transport of k and u03T 0 is mainly due to
pressure transport, whereas in the internally heated convection
the pressure transport is only of minor importance and the tri-
ple correlations in Eqs. (2) and (3) represent the dominant
terms. This result is quite surprising, since both physical prob-
lems under investigation are pure natural convection ¯ows,
taking place in the same geometrical con®guration, and having
quite similar boundary conditions. Therefore, in Section 4 we
try to illuminate this phenomenon by analysing the transport
mechanisms occuring in both convection layers.

4. Mechanisms of pressure transport

Rayleigh±B�enard convection in air: To illustrate the mecha-
nism of heat transfer and the dynamics of Rayleigh±B�enard
convection in air (see also GroÈtzbach, 1995), we show in
Fig. 8 the instantaneous isosurface for a dimensionless temper-
ature value of T � 0:7 (bottom wall: T � 1; upper wall: T � 0�:
The color code is for vertical velocity (red: upward ¯ow; green:
u3 � 0; blue: downward ¯ow). Hot ¯uid rises in plumes from
the heated lower to the cooled upper wall. Near the lower wall
the upward velocity of a rising hot plume is initially low. In the
core region, it is accelerated by buoyancy forces and eventually
penetrates the boundary layer at the upper wall with high ki-
netic energy. As Fig. 8 shows, the plumes are concentrated
in a few regions. In the boundary layer, these regions are con-

Fig. 5. Internally heated convection (RaI � 108). �: hu003u003T 00i; �: hT 00p00i.
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nected by thin spoke patterns formed by slowly upward mov-
ing ¯uid. The dynamics of the ¯ow involves two time scales.
The generation and rise of plumes and the horizontal transla-
tion of spokes are fast processes, while a horizontal translation
of the areas with concentrated plumes occurs only on a much
larger timescale.

In Fig. 9 we give a visualisation of the local value of corre-
lation u003p00 in plane x3 � 0:852: From comparison of Figs. 8
and 9 we ®nd that near the top wall high positive values of
u003p00 occur at locations where hot plumes rise and penetrate
the boundary layer at the upper wall. At such a location, the
local values of u003 and T 00 are positive. Since the vertical velocity
of the rising plume is retarded as it approaches the upper wall,

the local pressure increases, i.e. p00 > 0: Thus, the correlations
u003p00 and T 00p00 take locally high positive values. Averaging of
u003p00 over the horizontal plane results in hu003p00i > 0 and also
hT 00p00i > 0 in the upper half of the channel (see Figs. 6 and
7). For the lower half of the channel, where cold plumes re-
leased from the top wall penetrate the boundary layer at the
lower wall, the argumentation leading to hu003p00i < 0 and
hT 003 p00i < 0 is equivalent.

Internally heated convection: The dynamics of convection in
an internally heated ¯uid layer is as well similar to that in Ray-
leigh±B�enard convection as it is di�erent, too. Similar, because
in both con®gurations there is an unstable thermal strati®ca-
tion at the top wall. This causes the Rayleigh±Taylor instabil-

Fig. 7. Rayleigh±B�enard convection. �: hu003u003T 00i; �: hT 00p00i.

Fig. 6. Rayleigh±B�enard convection. �: hu003u00i u00i i=2; �: hu003p00i.
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ity to generate cold plumes which leave the upper wall. In the
Rayleigh±B�enard case, also the boundary layer at the lower
wall is strati®ed thermally unstable and plumes of warm ¯uid
rise and ®nally reach the upper wall. By means of these plumes,
which form at one boundary layer and penetrate the one at the
opposite wall with high kinetic energy, there is strong interac-
tion between both near wall regions. In contrast, in the inter-
nally heated convection the thermal strati®cation of the quite
thick boundary layer at the lower wall is stable (see Fig. 3).
The ¯uid in the lower part of the channel is therefore almost
motionless and no rising plumes exist.

A detailed analysis of the present DNS data regarding the
patterns and dynamics of the internally heated layer at the var-
ious Rayleigh numbers RaI can be found in WoÈrner et al.
(1997). In this paper, we discuss only results for RaI � 108.

The visualisation of the instantaneous temperature isovalue
T � 0:9 in Fig. 10 shows a network of irregular cells. This
characteristic pattern is well known and has been found in
the experiments of Jahn (1975) as well as in the direct numer-
ical simulations of GroÈtzbach (1987) for RaI � 4� 106. The
lateral boundaries of the irregular cells are formed by thin ver-
tical sheets of fast downward moving ¯uid (see color code for
u3 in Fig. 10), while in the inner region of the cells the motion
is slow. In the temporal development, small cells contract and
®nally disappear. In the middle of large cells new plumes are
generated due to the Rayleigh±Taylor instability. These cause
new sheets to form, which eventually divide the large cell into
two or more smaller ones.

As discussed in the previous section, the individual contri-
bution of pressure transport to turbulent di�usion of k and

Fig. 9. Rayleigh±B�enard convection. Instantaneous local values of u003p00 in plane x3 � 0:852.

Fig. 8. Rayleigh±B�enard convection. Isosurface for instantaneous temperature T � 0:7 and color code for vertical velocity u3.
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u03T 0 is much smaller in the internally heated convection than it
is in the Rayleigh±B�enard case. The reason for this is that in
the internally heated convection pressure ¯uctuations are
much smaller than in Rayleigh±B�enard convection. This is in-
dicated by a comparison of the root-mean-square values of
pressure ¯uctuations. In the following, we give a physical ex-
planation for this result. In the core region of the internally
heated layer, cold plumes released from the top wall warm
up. When such a descending plume reaches the edge of the
thick boundary layer at the lower wall, its temperature is high-
er than that of the surrounding ¯uid. Thus, the orientation of
the buoyancy force is no longer downward, but has switched to
upward direction. Since now buoyant and viscous forces coun-
teract the downward directed inertial one, the falling plumes
are slowed down smoothly. They penetrate the boundary layer
at the lower wall with much less kinetic energy than it is the
case in the Rayleigh±B�enard convection. This explains why

in the core region and in the lower part of the internally heated
layer prms and correlations involving ¯uctuations of pressure
are low. Since there are no plumes which rise from the bottom
wall and penetrate the boundary layer at the upper wall, this
statement holds for the whole layer.

An interesting result of the previous section is the pro®le of
correlation hT 00p00i, given in Fig. 5. While in the core region the
correlation is very small, it takes a high positive value in the
thin thermal boundary layer at the upper wall. This sharp peak
of hT 00p00i results in considerable pressure transport of q3:
Fig. 11 gives a visualisation of the local instantaneous correla-
tion T 00p00 in plane x3 � 0:95: From a comparison of Figs. 10
and 11 it follows, that the correlation T 00p00 takes high positive
values at the borders of the irregular cells, i.e. the vertical
sheets with downward movement, and inside the cells. In the
vertical sheets due to the slow acceleration of the cold down-
ward falling ¯uid p00 is negative but small. However, because

Fig. 11. Internally heated convection (RaI � 108). Instantaneous local values of T 00p00 in plane x3 � 0:95.

Fig. 10. Internally heated convection (RaI � 108). Isosurface for instantaneous temperature T � 0:9 and color code for vertical velocity u3.
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of the large gradient of hT i in the thin thermal boundary layer
at the upper wall even a small downward displacement of ¯uid
results in high negative values of T 00 and thus in high positive
values of local correlation hT 00p00i.

5. Conclusions

Direct numerical simulation data of Rayleigh±B�enard con-
vection in air (Pr � 0:71, RaE � 630; 000� and of internally
heated convection (Pr� 7, RaI � 108� are used to investigate
turbulent di�usive transport of turbulence kinetic energy and
vertical turbulent heat ¯ux. For both quantities the turbulent
di�usion consists of a pressure correlation and a triple correla-
tion. In the statistical computation of turbulence these correla-
tions are unknown and need to be modelled.

The analysis of the DNS data reveals that in the internally
heated convection the major contribution to turbulent di�u-
sion is due to the triple correlation, while in the Rayleigh±
B�enard convection it is due to the pressure correlation. Thus,
the dominance of pressure ¯uctuations in turbulent di�usive
transport of turbulence kinetic energy and vertical turbulent
heat ¯ux, found in earlier numerical studies for the Ray-
leigh±B�enard problem, is not a general feature of natural con-
vection in horizontal ¯uid layers. It appears that the
importance and e�ciency of pressure transport is closely
linked to the ¯ow mechanisms and to the dynamics of the con-
vective layers. Namely in the Rayleigh±B�enard case, the e�-
cient pressure transport of turbulence kinetic energy and
vertical turbulent heat ¯ux is related to intermittent coherent
structures, i.e. plumes, with large kinetic energy.

In statistical turbulence models, closure assumptions are
usually based on long-time averaged mean quantities (e.g. ve-
locity or temperature). However, in turbulent Rayleigh±
B�enard convection as well as in internally heated convection
the long-time averaged mean velocity is zero, while on the time
scale of the lifetime of coherent structures well de®ned mean
values do exist. As shown above, an e�cient transport of sta-
tistical turbulence quantities is combined with these coherent
structures. Thus, for statistical computations of the ¯ows un-
der consideration it is essential to capture these structures. This
seems to require full three-dimensional calculations as well as
improved closure relations for turbulent di�usive transport
which may not be based on long-time averaged mean quanti-
ties.
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